We show that excitons and free carriers in K and K' valleys of transition metal dichalcogenide monolayers can be entangled with respect to their valley degree of freedom by absorbing linearly polarized single photons. This effect does not require any interaction between K and K' excitons in contrast to conventional mechanisms of entanglement that are mediated by coupling between quantum systems (e.g. entanglement of photons in nonlinear optical interactions). The valley entanglement of excitons and free carriers can be verified by measuring the polarization of their photoluminescence or fluctuations of the photocurrent under an applied in-plane DC bias.
can be excited only by an R-or L-polarized field, respectively: E R,L ∝ e ± = x ± iy √ 2
FIG. 1: (Color online)
A sketch of excitons in K and K' valleys of MX2 monolayers interacting with linearly polarized single photons. To ensure the interaction with one photon at a time, the power of incident radiation should not exceed ω∆ω, where ∆ω is the radiation bandwidth.
The main result of the paper is that absorption of linearly polarized single photons by a MX 2 monolayer in a cavity (Sec. II) or from a flux of incident photons (Sec. III) gives rise to an efficient entanglement of up and down excitons, i.e. of the valley degree of freedom; see Fig. 1 . The intuitive physical explanation of this effect is that excitons in the K and K' valleys of a MX 2 monolayer interact with a linearly polarized single photon as if it were an entangled R/L photon state. In fact, one can rigorously prove (see Appendix B) that a single photon state which is a factorized product state in a linearly polarized basis is equivalent to an entangled state in the basis of R and L photon modes. As a result, absorption of such a photon leads to valley entanglement of excitons or free carriers.
Valley entanglement of photoexcited excitons can be verified by measuring the polarization of their PL (Sec. III) or fluctuations of the photocurrent under an applied in-plane DC bias (Sec. IV).
II. ENTANGLEMENT OF THE EXCITONIC ENSEMBLE IN A CAVITY
To visualize the effect of entanglement, here we consider a toy problem keeping only the light-matter interaction and neglecting all processes leading to decoherence and losses. In the next section we will include incoherent processes, finite bandwidth, fluctuations, and losses. Consider a MX 2 monolayer placed into a cavity which supports identical R and L modes of the same photon energy ω equal to the exciton energy, see Fig. 2 . The quantized cavity field is given bŷ
E E
where the spatial mode distributions are normalized according to
where ε(r) is the intracavity distribution of the dielectric constant, which may include also the monolayer substrate and is assumed to be frequency-independent for simplicity. It can be easily generalized to dispersive media, see e.g. [9, 10] . Note that the normalization (2) takes care of both the electric and magnetic field energy, because for stationary fields in a cavity or for periodic boundary conditions one can prove V B 2 (r)d 3 r = V ε(r)E 2 (r)d 3 r. The field satisfying Eqs. (1) and (2) corresponds to the Hamiltonian
where photon creation and annihilation operatorsĉ † R ,ĉ † L andĉ R ,ĉ L satisfy standard commutation relations [8] . We will assume the fields E R,L (r) and E R,L (r) to be uniform on the monolayer and omit the position argument.
We will treat the radiation as quasi-monochromatic and assume that there are a total of N pairs of up and down exciton states in a monolayer of area S that can be excited by photons of a given energy. More precisely, N is a number of electron-hole or exciton states within the interband transition linewidth. For a broadband radiation N would be a number of states within the radiation bandwidth.
To simplify the notations, we will denote (↑) excitons with latin indices and (↓) excitons with greek indices. The Hamiltonian of an ensemble of excitons is given bŷ
where the ground state |0 j,ξ (no exciton) corresponds to zero energy, whereas the state 1 j,ξ describes an excited exciton of energy ω. The polarization operator of the system can be written aŝ
where the dipole moments
The Hamiltonian describing interaction between the field and the particles in the electric dipole approximation iŝ
Consider Schroedinger's equation
We choose the following initial state as a product of the excitonic, Ψ e (0), and field, Ψ f (0) wave functions:
in which excitons are not excited and the single-photon field has an arbitrary elliptical polarization. The particular case of a linear polarization corresponds to
. The state at an arbitrary moment of time at the same energy ω which is conserved as a result of field-matter interaction is
Substituting (9) into (7), we obtain the equations for coefficients
After introducing the complex Rabi frequency
Taking the second derivative yieldsC
For the initial field in the linearly polarized product state, which is the Bell state (13) in the circularly polarized basis (see Appendix B), i.e. when
we obtain the solution
Substituting (14) into (10), we can obtain for C j,ξ :
Therefore, the solution of Eq. (7) when the field is initially in the Bell state (13) and excitons are in the ground state has the form
For √ N |Ω|t = π 2 the state (16) corresponds to the Bell-type entangled state of excitons:
This result is intuitively expected: the excitons in each valley couple directly to only R-or L-component of the linearly polarized photon state, but these components were entangled with each other, so the entanglement passes on to the excitonic system. Clearly this mechanism of entanglement exists only for a quantum incident field. Since there is no decoherence or loss, the energy and entanglement oscillate back and forth between the excitons and the photon field. If at time t = 0 the cavity contained exactly one photon of a linearly polarized field, then after the time t = π 2 √ N |Ω| it will be absorbed by an ensemble of excitons. Since the photon energy is equal to the energy of one exciton, one could (wrongly) assume that this photon creates one (up or down) exciton which will eventually recombine, so the reemitted photon will be in either R or L state with equal probability. However, from the exact solution (16) we see that the reemitted photon will be linearly polarized. Interestingly, it was predicted in [11] that the spatial structure of a single-photon field should be preserved after its absorption and reemission by an ensemble of atoms due to the entanglement of their states. Here we obtain a conceptually similar result for the polarization of the field.
We also note for the subsequent discussion that the state (17) satisfies the following condition for any pair of (↑) and (↓) excitons:
whereρ (11) ,j ,ρ (11) ,ξ are operators of the upper state population:
III. ENTANGLEMENT OF THE EXCITONIC ENSEMBLE IN A TRANSMISSION GEOMETRY
A. The Heisenberg-Langevin formalism
In this section we consider the response of excitons in a MX 2 monolayer to an illumination by a stationary flux of photons, including the effects of relaxation, losses, finite spectral bandwidth, and fluctuations, having in mind a generic geometry of Fig. 1 . We will solve the Heisenberg-Langevin equation for the density operator of an ensemble of (↑) or (↓) excitons (see e.g. [9, 12] ):
Hereρ mn (r, t) is the Heisenberg density operator,R mn the relaxation operator,F mn is the Langevin noise operator describing fluctuations in an excitonic system. The Heisenberg density matrix operator can be determined in a number of ways. One can use the projection operatorρ mn = |n m| [8, 13] . Another way is to use operators of annihilation and creation of quantum states,ρ mn =â † nâm [8, 14] . Both approaches lead to quite similar results. We will call the operator matrixρ mn a density operator regardless of its representation. The Hamiltonian iŝ
where the monolayer is located in the z=0 plane, W n are eigen values of the unperturbed Hamiltonian of excitons. The density operator determined from (19) allows one to calculate the spatial density of any physical quantity A(r, t):
where A mn is the matrix element of the operatorÂ corresponding to quantity A and |Ψ 0 is the initial state function in the Heisenberg picture. If the initial wave function is normalized to unity, Ψ 0 |Ψ 0 = 1, the normalization of the density operator of an extended system is nρ nn (r, t) = N (r), where N (r) is the density of particles which is assumed to be constant in this case. For a monolayer the quantity N (r) = N (r ⊥ ) is a surface density, where r ⊥ is the radius-vector in the monolayer plane.
The Langevin noise operator satisfies the general conditionsF nm =F † mn , F mn = 0 , where ... means averaging over the statistics of a noise reservoir. Other properties of the noise operator are determined by the properties of the relaxation operator. We will define the latter in the simplest form through a constant relaxation rate:
The definition (21) implies that the relaxation operator is delta-correlated in time. Using generalized Einstein relations [8, 15, 16] and assuming also delta-correlation in space, one can derive the following relationship for the noise correlators for a two-level system [18, 19] :
In a two-level system, we denote the transverse relaxation rate as γ mn ≡ γ 10 = γ. Assuming that the exciton system is not too far from the equilibrium and the Fermi level is far below the exciton band edge (so that the number of excitons is always small), we can also obtainR
Under these conditions and for γ Γ we can also takeR mm ≈ 0 andR nn ≈ 0 in Eqs. (22) and (44) as in [9] .
B. Response of the MX2 monolayer to an incident field
Now we derive the optical-frequency current induced in the valleys and the properties of the reemitted field. We start from the following ansatz for the field operator in the monolayerÊ(z = 0) ≡Ê(0):
Next we will use the equations for the density operator (19) and (20) . They can be split into two pairs of equations: for ↑ +R and ↓ +L states. These pairs can be coupled via an entangled initial state as we showed in the previous section; however, this does not affect the form of the equations.
Introducing slowly varying amplitudes of the off-diagonal density operators ("coherences"),
we obtain the density operator for an R-and L-polarized surface current:
where we introduced the notation j (10)↑ ≡ j ↑ = iωd, j (10)↓ ≡ j ↓ = iωd * . Assuming that the spectral bandwidth of the radiation does not exceed the relaxation rate γ we obtain the stationary solution of Eqs. (19) , (25), (26)
whereF ↑,↓ e −iωt =F (10)↑,↓ . We will assume that fluctuations in different valleys are not correlated:
For a single photon flux we can safely assume that the surface density of excited excitons is much lower than the maximum density of exciton states N determined by the spectral bandwidth ∆ω and the density of states. Then, taking into account the normalization condition
we can replaceρ (00)↑ −ρ (11)↑ → N andρ (00)↓ −ρ (11)↓ → N in Eqs. (27), which giveŝ
where
2 N is the surface cooperative frequency squared which has the dimension of [cm/sec 2 ].
Equations (30) and the last two Eqs. (27) give a complete description of the response of electron-hole or exciton states in a MX 2 monolayer to the field (24). In particular, the polarization of the surface optical current excited in the monolayer and of the radiation emitted by the current can be found by calculating the Stokes parameters:
and the brackets ... mean averaging over the statistics of the reservoir and over the quantum state.
C. Self-consistent optical field in the monolayer
Next, we need to relate the unknown field Eq. (24) in a monolayer to an incident field. For simplicity we will consider a 1D propagation problem, corresponding for example to a wide enough beam. If the monolayer is located in the z = 0 plane on a substrate with dielectric constant ε = n 2 for z < 0, the electromagnetic fields incident on the monolayer from both directions can be written as
(ii) Vacuum noise:
Here E ε = 2π ω/ε and E 0 = √ 2π ω are the normalization amplitudes. In a more general and realistic case, the incident field is not exactly monochromatic but occupies a narrow frequency band ∆ω ω. In this case the creation and annihilation operators are defined for slowly varying amplitudes of the Heisenberg operators (see also [9, 10] ). Note that the operatorsĉ R andĉ V R , and other similar combinations (same forĉ L ,ĉ V L ) correspond to the field modes with different wave numbers: k = |k| and k = −|k|. Therefore they always commute.
Normalization amplitudes in Eqs. (32,33) correspond to a unit quantization volume V = 1, i.e. the dyadicsĉ † Rĉ R andĉ † Lĉ L are the operators of the photon density (see [9, 10, 17] ), and the quantities like ĉ †
, where Ψ 0 is the initial state function present in the Heisenberg picture, which is normalized as Ψ 0 |Ψ 0 = 1 .
When calculating relative average values, it is sufficient to take the field as monochromatic and use the explicit initial state Ψ 0 . For example, if the initial field is in the linearly polarized single photon state equivalent to a single-photon Bell state in the circularly polarized basis, Ψ 0 = Ψ ± ,
the averages have the following properties:
If the incident field corresponds to the other Bell state, e.g.
or if it is a state with the same average energy ω which is not entangled in the circularly polarized basis, e.g.
we obtain instead of Eqs. (35) that
Whenever it is important to include Langevin noise terms, one has to take into account the finite spectral bandwidth of radiation ∆ω ω. In this case the properties of commutators and correlators are determined taking into account the density of photon states. For example, for a paraxial beam with the aperture cross section S ⊥ we obtain following [9, 10] that
whereĉ σ = ∆ωĉ σω e −iωt dω, n is the refractive index, and the subscript σ denotes the polarization of a normal mode of the field. For correlators of spectral components of the field satisfying Ê = 0 we have
where the dimensionless quantity N σω /2π determines the power P σω = ω(N σω /2π) incident on the area S ⊥ per unit frequency interval per unit time for a given polarization, so P σω has a dimension of energy; for the vacuum field N σω = 0. Here we won't present cumbersome expressions for the state functions of multimode fields which are reduced to states (34), (36), or (37). We will only give some correlators needed for the subsequent derivation. In particular, conditions (35) and (38) correspond to
Note that since a duration of a single-photon "pulse" is of the order of ∆ω −1 , the maximum power of a single photon illumination regime within the spectral bandwidth ∆ω of of the order of ω∆ω ; for a higher power individual photons overlap. Here we don't consider the possibility of using "multiphoton" fluxes of quantum correlated fields.
After performing a standard calculation of the operators of the reflected and transmitted fields, we obtain the following expression for the field operatorsÊ R,L used in Eq. (24):
The last term on the right-hand side of Eq. (42) gives rise to the the collective superradiant relaxation of the excitonic ensemble with the rate Ω SR = ω 2 c⊥ (n + 1)c [20] . Taking into account Eqs. (30) it is easy to find that this term can be neglected provided γ Ω SR . In this case one can neglect radiative corrections (back reaction) when calculating the current excited in the monolayer.
D. The effect of radiative corrections
To study the effect of radiative corrections on the excited state populations ρ 11 it is convenient to introduce a space-time spectrum of noise,F 
we can obtain from (22) the correlators for the spectral components of the noise operator:
Note that the harmonics of the current with wave vectors q > ω/c cannot excite propagating modes and therefore cannot give rise to radiative losses. Therefore we can put q, q ≤ ω/c in Eq. (44) and, using Eqs. (27,30,42,44), after lengthy but straightforward calculations, obtain an estimate of the radiative relaxation rate of populations induced by noise:
As expected, this rate corresponds to the inverse spontaneous emission time.
To summarize, when calculating the excited state populations ρ 11 the radiative corrections can be neglected if 2Ω SR , Ω rad Γ. Taking into account the back reaction effects will make the derivation more complicated, and the result will amount to renormalization of the relaxation rates in the final expressions:
To keep the derivation more streamlined, we will ignore the radiative corrections and assume that
E. The polarization of the photoluminescence from excitons excited by a single-photon field
The initial (Heisenberg) state of our system can be represented as
First let us neglect the contribution of the Langevin sources. Consider an incident field in the Bell state
which corresponds to a single-photon linearly polarized field |1 x |0 y or |0 x |1 y respectively (see Appendix B). If we substitute expression (46) in Eqs. (30) and (31), then after performing the averaging in Eqs. (31) all dyadics that include the vacuum field operators will become zero. A non-zero contribution comes only from averaging the dyadicŝ
As a result we obtain s x = 0, s y = 0 for |Ψ R+L = Ψ + and s y = 0, s x = 0 for |Ψ R+L = Ψ − . In other words, the reemitted photons will have linear polarization as in the cavity geometry described in Sec. II. At the same time, the reemitted photons will be unpolarized, s x = s y , if the incident field corresponds to other Bell states of a single-photon energy, Eq. (36), or if it is a single-photon state which is not entangled, Eq. (37) So what is the role of the exciton entanglement here? The fact that a linearly polarized radiation remains linearly polarized after interacting with a system of equal numbers of "left" and "right" rotators (such as K and K' valleys in MoS 2 ) does not by itself constitute the evidence that left and right subsystems are entangled. Indeed, the same result can be obtained for a classical field [6] which cannot entangle the non-interacting quantum systems; see Appendix A. However, for a quantum incident field, e.g. for a single-photon field the conservation of the linear polarization in the reemitted radiation is possible only if left and right excitons are entangled. Therefore, in this case the degree of the linear polarization of the reemitted field can be used to verify the exciton valley entanglement.
In order to get an explicit expression for the noise-induced depolarization of the reemitted field, we need to sum over all modes in a spectral bandwidth ∆ω. If we take the Langevin noise terms into account in Eqs. (30) and use Eqs. (39) and (40), the Stokes parameters for the initial state |Ψ R+L = Ψ + are
When calculating the value of Λ we take into account only the spatial harmonics of the Langevin noise within the spectral bandwidth ∆ω that correspond to a paraxial beam of the aperture S ⊥ . We will also assume that the relaxation of coherence is much faster that the recombination rate, γ Γ, which is typically the case in semiconductors. Using also Eq. (44), we arrive at
In order to find the fraction of the unpolarized field α we need to calculate the operatorsρ (11)↑ andρ (11)↓ in Eqs. (52). Substituting (30) and (46) into the last two Eqs. (27) it is easy to find that the resulting noise-dependent terms are linear with respect to the Langevin noise operators, so that they vanish after averaging over the reservoir. As a result, we obtainρ
where χ = ω 
Substituting Eq. (54) into (52) yields
Where the ratio N/∆ω is determined by the exciton or electron-hole density of states. Equation (55) has a simple physical interpretation: a fraction of the unpolarized field in the reemitted radiation is equal to the ratio of a number of photons incident on a monolayer during the lifetime of an exciton to the total number of exciton states within ∆ω. As is clear from Eq. (55), α scales as one divided by the number of exciton or electron-hole states within the bandwidth Γ ∼ 10 9 − 10 10 s −1 , so assuming a standard 2D density of states m/(π ) for parabolic bands and the beam aperture S ⊥ > λ 2 ∼ 10 −8 cm −2 , α is smaller than 10 −2 .
F. Correlation properties of photoexcited excitons
It is easy to show that in the case of the initial Bell state of the field given by Eq. (34) the correlator for the density operators (53) obeys the following property:
which coincides with the corresponding relationship (18) for the solution to the Schroedinger equation for a cavity field. It is important that when Eqs. (28) are satisfied, the condition (56) is not affected by the Langevin noise.
For unpolarized but still single-photon quantum fields (36),(37) we obtain instead of (56) that
which is the same as for classical fields. Therefore, Eq. (56) is a unique property of the valley-entangled exciton system created by an incident quantum field in the initial state (48). Excitons created by a classical field or by quantum fields in the initial states (36,37) do not satisfy Eq. (56).
IV. PHOTOCURRENT IN A VALLEY-ENTANGLED ELECTRON-HOLE SYSTEM
Quantum correlations between photoexcited carriers should manifest themselves in the fluctuations of the photocurrent or photovoltage under the applied bias. A DC electric field applied along the monolayer can lead to separation of photoexcited electrons from holes while not affecting their valley index and any possible entanglement with respect to the valley degree of freedom; see Fig. 3 . This will create a photocurrent or photovoltage depending on the way the detector is wired in an external circuit. Note that breaking the binding energy of excitons may require a very high electric field. In experiments [7] the charge separation most likely originated from the metal-semiconductor contact regions with a high built-in electric field. A lot of attention has been recently devoted to the valley Hall effect which generates photovoltage in the transverse direction under a circularly polarized excitation [2, 7] . However, for a linearly polarized excitation there will be zero Hall voltage with equal amounts of positive and negative charges accumulated on the sides as sketched in Fig. 3 . Here we consider the longitudinal photocurrent along the direction of the applied DC field. Specifically, the current detector will measure the quantity J P = Ψ 0 |Ĵ P |Ψ 0 , where the averaging is taken over the initial state (47) andĴ P is the photocurrent operator:Ĵ
where η is a certain coefficient. Obviously, equal amounts of photogenerated electrons and holes from K and K' valleys will contribute to the signal. When characterizing quantum correlation properties of carriers, the quantity of interest is not the current itself but current fluctuations defined as
Using the initial quantum state defined by Eq. (47), we compare the current fluctuations due to the following three states of an incident field Ψ R+L that have the same average energy:
(i) Unpolarized field:
(ii) Circularly polarized field:
(iii) Linearly polarized field that can be represented as an entangled state of two circular polarizations (see Appendix B):
To calculate the photocurrent fluctuations, we need to evaluate the averages of both the excited-state density operators in Eqs. (53) and their products. The first of them giveŝ
Proceeding in the same way as above, for an unpolarized field (60) we obtain ρ (11)↑ρ(11)↓ = ρ (11)↑ × ρ (11)↓ , whereas for polarized fields (61) and (62) ρ (11)↑ρ(11)↓ = ρ (11)↓ρ(11)↑ = 0. This result is trivial for a circularly polarized field (61) since the latter does not interact with "↓" excitons. For a linearly polarized field (62) this result is not obvious and is entirely due to the entanglement of "↓" and "↑" excitons. Using Eqs. (67) and (68) to calculate the current (58) and its fluctuations (59) we obtain δJ P = √ 2J P for an illumination with an unpolarized field and δJ P = J P in the case of a linearly polarized incident field. This reduction of fluctuations by √ 2 is the direct consequence of the interference within the valley-entangled state of photoexcited carriers.
In conclusion, we have shown that excitons in K and K' valleys transition metal dichalcogenide monolayers can be efficiently entangled by interacting with linearly polarized single photons. Valley entanglement leads to linear polarization of reemitted photons and squeezing of the photocurrent fluctuations. Consider two quantum systems described by generalized coordinates q 1 and q 2 . Their wave function Ψ(q 1 , q 2 , t) obeys Schroedinger's equation
Assume that these two systems are not coupled with each other directly but interact with a classical electromagnetic field described by a classical variable u(t). In this case the Hamiltonian in Eq. (69) can be written asĤ =Ĥ 1 (q 1 , u(t))+ H 2 (q 2 , u(t)) where the operatorsĤ 1 andĤ 2 act only on the functions of variables q 1 and q 2 , respectively. Then, substituting Ψ = ψ 1 (q 1 , t)ψ 2 (q 2 , t) into Eq. (69), we obtain
If the quantum systems were not entangled at the initial moment of time t = 0, i.e. Ψ(q 1 , q 2 , 0) = ψ 1 (q 1 , 0) × ψ 2 (q 2 , 0), Eq. (70) splits into two independent equations for each system:
and the solution will remain in the form of the direct product Ψ(q 1 , q 2 , t) = ψ 1 (q 1 , t) × ψ 2 (q 2 , t), corresponding to unentangled systems. Entanglement may appear if the classical field gives rise to the interaction HamiltonianV (u(t), q 1 , g 2 ) that directly couples the two systems, for example:Ĥ
where χ is a coupling constant. This particular example corresponds to the Hamiltonian describing generation of entangled photons in a medium with a second order nonlinearity as a result of parametric frequency conversion [8] .
B. Relationship between XY and RL basis states for photons
Consider the quantum field in vacuum in a quantization volume V : 
where x 0 , y 0 are unit vectors along x, y coordinate axes, 
Let's expand the field given by Eq. (73) in terms of circularly polarized orthogonal modes: 
where e ± = x0±iy0 √ 2
. Comparing Eqs. (73) and (75) we obtain
Next, we introduce the vacuum state |0 Σ ; 0 Σ ||0 Σ = 1. By definition of creation and annihilation operators,
Expanding the linearly polarized photon state
in the basis of circularly polarized modes, we obtain:
Taking into account Eq. (76), one can obtain from Eqs. (78) and (79) that
As is clear from Eq. (80), the product state |1 x |0 y in the basis of linearly polarized modes is one of the Bell states in the basis of circularly polarized modes:
The relationship |1 x |0 y = Ψ + can be also obtained in a less formal way from average values of squares of cartesian components of the field. Indeed, for the field given by Eqs. 
Using the relationshipsÊ
we can express the averages through creation and annihilation operators of circularly polarized modes:
